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Abstract 

We construct the asymptotically flat charged thin-shell wormholes of Lovelock gravity in seven 
dimensions by cut-and-paste technique, and apply the generalized junction conditions in order to 
calculate the energy-momentum tensor of these wormholes on the shell. We flnd that for negative 
second order and positive third order Lovelock coefficients, there are thin-shell wormholes that 
respect the weak energy condition. In this case, the amount of normal matter decreases as the third 
order Lovelock coefficient increases. For positive second and third order Lovelock coefficients, the 
weak energy condition is violated and the amount of exotic matter decreases as the charge increases. 
Finally, we perform a linear stability analysis against a symmetry preserving perturbation, and flnd 
that the wormholes are stable provided the derivative of surface pressure density with respect to 
surface energy density is negative and the throat radius is chosen suitable. 
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I. INTRODUCTION 



Traversable wormholes are throat like geometrical structures which connect two separate 
and distinct regions of spacetimes and have no horizon or singularity [l^. It is known that 
the traversable wormholes in Einstein gravity possess a stress-energy tensor that violates 
;he standard energy conditions and therefore they are supported by exotic matter (see, e.g., 
2!). There are two main areas in wormhole research which attracted many authors. 

The first one is to try avoiding, as much as possible, the violation of the standard energy 
conditions. The existence of traversable wormholes that are supported by arbitrarily small 
quantities of exotic matter |S| or supported by .natter not vo.ating the energy conditions 

|5| have been investigated. One of the most interesting kinds of traversable wormholes 
is the thin-shell wormholes which are constructed by the cut-and-paste technique used for 
the first time in relation to wormholes in Refs. 6|, |7| . This is due to the fact that energy is 
concentrated on the throat of thin-shell wormholes, and therefore the construction of these 
wormholes needs less exotic matter. Thin-shell wormholes have been investigated by many 
authors j^. 

The second main research area is the stability analysis of thin-shell wormholes against a 
symmetry preserving perturbation. This can be done by considering a linearized stability 
analysis around the static wormhole solutions. The stability analysis will tell whether a static 
wormhole solution holds under small perturbations or not. The stability analysis of four- 
dimensional thin-shell wormholes of Einstein gravity with spherical symmetry in vacuum 
has been done in 7| and in the presence of cosmological constant in 9|. The generalization 
of these stability analysis to the case of higher-dimensional wormholes can be found in lo| . 
Also for stability analysis with dilaton, axion, phantom and other types of matter, and in 
cylindrical symmetry see 

For thin-shell wormholes of Einstein gravity, the weak energy condition (WEC) is violated. 
Several attempts have been made to somehow overcome this problem. Some authors resort 
to the alternative theories of gravity. In this context, the thin-shell wormholes of dilaton 
gravity supported by Chaplygin gas have been investigated in 12(|, of Brans-Dicke theory in 



13| and of Gauss-Bonnet gravity in 14 1. 



Recently, the third order Lovelock gravity have attracted more attention 



15| . This is due 



to the fact that it contains more free parameters, and therefore third order Lovelock gravity 
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may be dual to a more extended class of field theories which one can study with holography 
16 1 . Here, we like to add the third order term of Lovelock theory [l^] to the gravitational 



field equations, and investigate the effects of it on the energy conditions and stability of a 
thin-shell wormhole solution. 

In order to do these, one needs the generalized junction conditions in Lovelock gravity. 
The junction conditions in Einstein gravity is known as Darmois-Israel junction conditions 



18| . Also the generalized junction conditions in Gauss-Bonnet gravity 19| and Lovelock 



gravity 



20| have been introduced. In this paper, we use the generalized junction conditions 



in order to investigate the exoticity of matter on the throat and to perform a linear stability 
analysis of the thin-shell wormholes of Lovelock gravity. 

The paper is organized as follows. In Sec. [TTl we review the asymptotically fiat static 
charged solutions of third order Lovelock gravity in seven dimensions. Section IIIII is devoted 
to the generalized junction conditions in Lovelock gravity. We construct the thin-shell worm- 
holes in Sec. IIVI In Sec. IVj we investigate the energy conditions on shell for these wormhole 
solutions and we consider the exoticity of matter for different values of the parameters of 
Lovelock gravity. Finally, we perform the stability analysis of the wormhole solutions in Sec. 
IVII . We finish our paper with some concluding remarks. 



II. SPHERICALLY SYMMETRIC GEOMETRY 

Here, we review the asymptotically flat charged static solutions of third order Lovelock 
gravity. The action of third order Lovelock gravity in the presence of electromagnetic field 
may be written as 

1 = j d^-^'x^ (£i + a2C2 + as A - F^.F^") (1) 

where a2 and are second (Gauss-Bonnet) and third order Lovelock coefficients, £i = i? is 
just the Einstein-Hilbert Lagrangian, £-2 = R^.u-ysR'"'^^ - 4:Rf,^Rf"' + R^ is the Gauss-Bonnet 
Lagrangian, and 

r o JDIJ-'^o-K p JDpr I Q JDfJ.i' DTK PPT I OA IDlJ-vcrK p pp 

+mR^'"'^R,,^, + 2AR^''"'^R,^R^, + IQR^^R,,R\ - URR^'R^, + R^ (2) 

is the third order Lovelock Lagrangian. In Eq. ([1]) F^^ = d^A^ — d^A^ is electromagnetic 
tensor field and is the vector potential. 
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The seven- dimensional static solution of action ([T]) may be written as 

fir) 

where dQ^ is the metric of a 5-sphere, the gauge field is 

V 8 

and the metric function satisfies the following equation 



(3) 



24a3(l - fr + 12a2(l - /) V + (1 - /)r^ - m + ^ = 0. 



The solution of Eq. (HD is [21| 



a2 



f{r) = 1 + -^r' + 



Qas 12^3 



1 /i/3 2(^3 -2a2V 



C 



-/3 _ 



^1/3 



where ( and ^ are 



(4) 



(5) 



C = ^ + ^ e + 8{a, - 2airr^\ 

The above metric presents an asymptotically fiat black hole with two horizons provided q < 
qext, an extreme black hole with one horizon if g = q^xt and a naked singularity otherwise, 
where qext is 

1/2 



qext 



2187 A m., 9 n, 3 q 



7] = (2m + 81a^ - 48^3) 



1/2 



(6) 



The metric function for the special case = la'i' = o? jll reduces to 

.2\ 1/3' 



/(r) = 1 + 



1-1 



a 



3am 3ag^ 



,10 



(7) 



In studying wormholes, the matter is outside the horizon r > r^, where is the largest real 
root of /(r) = 0. 
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III. JUNCTION CONDITIONS IN LOVELOCK GRAVITY 



The action of Lovelock gravity with well-defined variational principle in n + 1 dimension 
may be written as j22| 

^ . n 



p=0 

[n/2] p-1 



where [z] denotes the integer part of z, ap is Lovelock coefficient, Cp is the Euler density of 
a 2p-dimensional manifold 

and 

-t/Cp) _ jr["l---«2p-l] pblfe2 p62s-i62s rsbl 0^2^-1 (^^\\ 

In the above equations Splav--ppap is the generalized totally antisymmetric Kronicker delta 
and Jab and Qab are the induced metric and extrinsic curvature of the timelike hypersurface 



Varying the action ([8]) with respect to the induced metric jab gives [20|, l22| 

" AV-S 1 

r-- 2/rW P y^P''^" (n) 

p=0 s=o ^ ^ ' 



where T^'-^''*^" is 



^(p,s)a _ ■-[ai - a2p-ia] pf'162 pb2s-lb2s p\f'2s+i P)b2p-l /'-|9\ 

b " [6i...b2p-ib] aiaa'"'-^ 02^-102^ a2s+i ' ' ' ^(isp-i • l-^^/* 

In Eqs. ffTOj) and f|T2l) -Rabcd is the boundary components of the Riemann tensor of the 
Manifold Ki which is related to the intrinsic curvature of the hypersurface S, Rabcdil), 
through the Gauss-Codazzi equation as 

Rabcd = Rabcdil) + ©acQfcd — Qad^bc 

Now considering the manifold M. as two manifold M.+ and separated by hypersurface 
S, and denoting its two sides by S-t, then the generalized junction conditions can be written 

as 

gab ^ j-ab _ ^ab^ ^^3^ 



where 7^^ is the energy-momentum tensor given in Eq. (fT2l) associated with the two sides 
of the shell. 

IV. THIN-SHELL WORMHOLE CONSTRUCTION 

To construct a thin-shell wormhole in third order Lovelock gravity, we use the well- 
known cut-and-pase technique. Taking two copies of asymptotically flat solutions of Lovelock 
gravity given by Eqs. ([2]) and and removing from each manifold the seven-dimensional 
region described by 

= {r±<a; a> rh} (14) 

we are left with two geodesically incomplete manifolds with the following timelike hypersur- 
face as boundaries 

S± = {r± = a; a> Vh} ■ (15) 

Now identifying these two boundaries, S+ = S„ = S, we leave with a geodesically complete 
manifold containing the two asymptotically fiat regions and which are connected by 
a wormhole. The throat of the wormhole located at S with metric 

where r is the proper time along the hypersurface S and a(r) is the radius of the throat. 
All the matter is concentrated on S. 

To analyze such a thin-shell configuration, we need to use the modified junction condition 
introduced in Sec. IIIII Denoting the coordinates on S by = (r, i = 1...5), the extrinsic 
curvature associated with the two sides of the shell are 

l^ab--np y-Q^,+^^.u^^j^j (16) 
where tt,^ are the units normal {jipn^ = 1) to the surface S in A^: 



dXi'dX 

and Q{r, r) is the equation of the boundary S: 



* (17) 



dX-i 



^(r,r) =r-a(r) = 0. (18) 
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Using an orthonormal basis {ef,ej; i = 1...5}, the components of extrinsic curvature tensor 
may be calculated as 



r 

A' 



where 



T = d + 



fia) 



A = A/d2 + / (a) 



(19) 



and prime and overdot denote the derivative with respect to a and r, respectively. Equation 
f|T9|) shows that the form of the stress-energy tensor on the shell is 5*"^ = diag (— a, p 
where a is the surface energy density and p is the transverse pressure. 

Now using the junction condition (1131) . the components of energy momentum tensor on 
the shell may be written as 



cr 



P 



-SI 



A 



40a 



24a 



5 + ^[3(1 + a') - A'] + ^[15(1 + d'Y - 10A^(1 + d') + 3A 



Ana 1 ' a^ 



1 2r^8A^16«, 



Svr A 



^ (1 + - A^) + ^ [3 (1 + d^) - A^l + 6dA 
A a 



ASas 



3T 



^{l + d'-AY + AdA [3(1 + d') - A'] 



(20) 



One may note that the surface energy density and transverse pressure satisfy the energy 
conservation equation: 



(21) 



The first term in Eq. ( 1211) represents the internal energy change of the throat and the second 
term shows the work done by the throat's internal forces. 

V. EXOTICITY OF THE MATTER ON SHELL 



In this section, we consider the issue of energy condition on the shell for the case of static 
configurations with a = ao and d = d = 0. In our case the weak energy condition is satisfied 
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provided cr > 0, and a + p > 0. Using Eqs. (120!) one obtains 



ao = ^ ^ (lO/o + ^/o(3 - /o) + ^/o(15 - lO/o + S/o^) |^ , (22) 




ao+po = (-2/0 + ao/o) + ^{3ao/^(l - /o) (23) 



-6/o(3 - /o)} + ^{3ao/^(l - 2/o + fl) - 2/o(15 - lO/o + 3/0^)} L (24) 

where /o = /(cto) ^-^d /q = /'(ao)- In contrast to the case of an Einsteinian thin-shell 
wormhole for which cr < and therefore the weak energy condition is violated 10|, here 
we can have thin-shell wormholes with normal matter on shell. In order to investigate the 
exoticity of the matter, we calculate the amount of matter on shell which is 

r = y drdVt^[aQ5{r - ao) + pr\. (25) 

For our case, the shell does not exert radial pressure, Pr = 0, and therefore the amount of 
matter on shell is 



r = Ti'alao = |-^a^ + 10a2a^(-3 + /o) + 6^3 (-15 + lO/o - 3/^) | . 



(26) 



In Einstein gravity, 02 = 0:3 = 0, the matter is exotic both for Reissner-Nordstrom {Q 7^ 0) 
and Schwarzschild {Q = 0) thin-shell wormholes as one can see from Eq. ( 126|) . In Gauss- 
Bonnet gravity (as = 0) with 0^2 < 0, one may have thin-shell wormholes supported by 



normal matter 23 1. 



Now, we investigate the condition that thin-shell wormhole may be supported by normal 
matter in third order Lovelock gravity. For the special case 03 = 2^2^ = «^/72 , Eq. f l26p 
shows that F < 0, and therefore the on shell matter is exotic. But, one can choose the 
parameters of the metric function such that the amount of exotic matter on the throat to 
be as less as possible. For instance, as one can see in Fig. [H the amount of exotic matter 
decreases as q increases. 

For the general solutions of third order Lovelock gravity with positive values of 02 and 
0^3, the matter on the shell is exotic as one can see in Fig. |2J But, for 0:3 > and 0:2 < 0, F 
can be positive and therefore the matter may be normal, as one can see in Fig |3l For this 
case as Fig H] shows, there exists a region with o"o ^ and ctq + Po ^ and therefore WEC 
is are satisfied. Since < /o < 1, the factor of 0:3 in Eq. (!26|) . — 15 + lO/o — 3/o, is negative 
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and therefore the amount of normal matter for negative 02 decreases as 03 increases. Also, 
in this case the amount of normal matter decreases as the charge q increases. 




FIG. 1: Right: /(r) versus r; Left: A /lOO versus oq for a = 1, m = 20, q > Qext, Q = Qext and 
Q < Qext from up to down, for the right figure and down to up for the left figure, respectively. 
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^23456789 




r 



FIG. 2: Right: /(r) versus r; Left: F/lOO versus ao for 02 = 0.2, Q3 = 0.4, m = 30, q > Qext, 
Q = Qext and q < q^xt from up to down, for the right figure and down to up for the left figure, 
respectively. 




FIG. 3: Right: /(r) versus r; Left: F/IOOO versus ao for 02 = -0.8, as = 0.5, m = 20, g = 57, 46.5 
and 23.72 from up to down, for the right figure and down to up for the left figure, respectively. 



VI. STABILITY ANALYSIS 

In this section, we perform a stability analysis under a linear perturbation such that the 
spherical symmetry of the wormhole configuration is preserved. To analyze the stability, 
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FIG. 4: (To (line) and ctq + Po (dotted) versus r for 02 = —0.8, 03 = 0.5, m = 20 and q = 23.72. 

we use a cold equation of state p = p(cr) with rj = dp/ da. We consider a small radial 
perturbation around a static solution with radius oq. In this case, one may write p ~ 
Po + Vo{^ ^ '^0), where po, ctq and r/o are the transverse pressure, surface energy density and 
{dp /da) at a = Oq, respectively. Using this linear equation of state and Eq. (12T|) . one obtains 



Now Eq. (!20|) . which is the equation of motion for the radius of the throat, can be written 

as 



where a{a) is given in Eq. (127|) . 

In principle, one may solve Eq. fl28|) for d^ and obtain the potential V{a) in the equation 
d^ = —V{a). Then, the wormhole with radius Oq is linearly stable provided the potential 
V{a) is negative and minimum at a = Oq. In third order Lovelock gravity, one encounters 
with a fifth order algebraic equation for d^ and therefore one may perform stability analysis 
numerically. Numerical calculations are shown in Figs. |5] and El As these figures show, 
the wormholes are stable provided the derivative of surface pressure density with respect 
to surface energy density at the throat, ?7o, is negative and the throat radius Oq is chosen 
suitable. 




(27) 




(28) 
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FIG. 5: F(a) versus a for as = -0.8, 03 = 0.5, m = 20, g = 23.72, and rj = 1.2 (right); rj = -1.8 
(left). 

a 

a 3 3.2 3.4 3.6 3.8 4 




FIG. 6: V{a) versus a for 02 = 0.2, as = 0.4, m = 30, g = 7.9 and r/ = 0.9 (right); r] = -1.8 (left). 
VII. CLOSING REMARKS 

In this paper, we first use the well-known cut-and-pase technique, and constructed the 
asymptotically flat thin-shell wormholes of Lovelock gravity in seven dimensions. We calcu- 
lated the components of energy momentum tensor on shell through the use of the general 
junction condition. We found that the matter on the throat is exotic if both 0:2 and 03 
are positive. However, the amount of exotic matter on shell reduces as the charge of the 
wormhole increases. In the case of negative 02 and positive ^3, one may have a region for 
the throat radius with ao > and cq + po > 0, and therefore WEC is satisfied. That is, 
one may have wormholes with normal matter provided 0:2 < and 0:3 > 0. In this case, the 
amount of normal matter decreases as the third order Lovelock parameter increases. Finally, 
we applied a linear stability analysis against symmetry preserving perturbation and found 
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that the wormholes with suitable throat radius are stable provided r]o = {dp/da)ao < 0. 
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